A detailed study of hardware related tolerances for the undulator system for the European x-ray freeelectron laser (XFEL) has been performed. Various realistic error scenarios were taken into account. These included girder deformation under magnetic loads, the influence of temperature variation, errors caused by limited accuracy of the motion control system, and phase matching errors. Undulator errors are classified into periodic and random errors. For periodic errors, such as girder deformation, a close and universal correlation between rms phase shake and power degradation was established, while the results of random errors show more scatter in the results, which have to be evaluated statistically. For XFEL parameters the correlation is very good and can be used to evaluate the influence of different error sources without the need to do extended FEL simulations. The method was applied to reevaluate some critical tolerances on the XFEL undulator systems: girder deformation, accuracy for gap control, and the requirement on temperature stability. The results show that these tolerances could be relaxed as compared to earlier work.
I. INTRODUCTION
The European x-ray free-electron laser (XFEL) will generate photons in the x-ray range from 0.8 to 12.4 keV (1:6-0:1 nm) [1] using the principle of self-amplified spontaneous emission (SASE) [2, 3] . Simulations show that, in order to reach saturation in the above energy range, the length of the undulator needs to be longer than 200 m [1] . For practical reasons the undulator is subdivided into 5-mlong segments. In between segments there are so-called intersection units. Each is 1.1 m long and comprises a quadrupole for beam focusing, a phase shifter for adjusting the phase between the electrons and the light created in different undulator segments, a beam position monitor, synchrotron radiation absorbers, and vacuum pumps. An undulator segment and intersection form an undulator cell. It is therefore more appropriate to talk about an undulator system [1, 4] . For example, the SASE1 undulator system for the European XFEL is comprised of 33 cells, each consisting of a 5 m long undulator segment and a 1.1 m long intersection. The system has a total length of 201.3 m [1] , see also Table I .
There are various error sources that might affect FEL operation. Examples are: beam steering errors, quadrupole alignment errors, undulator alignment errors, external ambient fields, etcetera. These errors are external errors with respect to individual undulator segments. They are not considered in this paper. There are, however, errors that depend on details of the design of the undulator segments and the hardware used in the intersections. These errors result in a variation of the K parameter along undulator segments. Conventional error analysis compares K-parameter variation to the FEL bandwidth, which is on the order of the Pierce parameter . Since in the case of the XFEL is about 10 À4 , very stringent requirements may result: The tolerable gap variation is limited to less than 1 m and the acceptable temperature variation inside the undulator system to less than 0:08 C. These requirements are hard to fulfill and would need a substantial design effort and expensive solutions. Therefore, one objective of this paper is to do a more careful analysis in order to get a more realistic view on critical tolerances relevant for the hardware design of undulator systems.
We distinguish between two kinds of undulator field errors. The first is random, for example, because of the inhomogeneously magnetized magnet blocks. There are several examples found in the literature [5] [6] [7] [8] [9] [10] [11] . The second kind are errors that change periodically along the undulator. Here is one example: In order to limit total deformation under changing magnetic loads, equidistant support points are chosen, so that the total girder deflection is approximately periodic. Temperature variation along the undulator may be treated as a periodic problem as shown below. In this paper both error types are taken into account with special emphasis on the periodic ones.
There are steering and nonsteering errors [12] [13] [14] [15] . Steering errors induce small local kicks in the trajectory that reduce the overlap between electron beam and the radiation field. Nonsteering errors perturb the ponderomotive phase and induce a phase shake between the electron and the photon field. Both errors can significantly increase the saturation length and reduce the FEL power.
Steering errors are easily detected in magnetic field measurements. Because of the stiff electron beam in the XFEL, however, these tolerances can be compensated using shimming and tuning procedures in a straightforward manner. In this paper, therefore, they are not considered, and only nonsteering errors are taken into account: thus the phase shake is the only cause for power degradation.
At the European XFEL there will be two undulator systems working in the hard x-ray regime from 0.1 to 0.4 nm. They are called SASE1 and SASE2. For a 17.5-GeV beam SASE1 will work at a fixed-radiation wavelength of 0.1 nm, while SASE2 is adjustable from 0.1 to 0.4 nm. Simulations and results are very similar for SASE1 and SASE2. Therefore, for simplicity, this paper concentrates on SASE1. A complete study including SASE2 can be found in Ref. [16] . Table I lists the parameters for SASE1 and the XFEL used in the simulation. To prevent confusion throughout this paper the K parameter follows the GENESIS 1.3 convention. For a sinusoidal field this means:
II. TOLERANCE ANALYSIS

A. Influence of phase shifter errors
Inside an undulator segment there is a phase slippage of 2 per undulator period between electrons and photons. In the field-free region inside the intersections, there is no field and the slippage is perturbed. This is of special importance if the gap is changed. To ensure that electrons and radiation preserve their ponderomotive phase at the end of each intersection, an adjustable magnetic chicane, called a phase shifter, is needed in each intersection. The phase change induced by the phase shifter is
where L D is the length of the phase shifter, K D is the phase shifter parameter, which is similar to undulator parameter,
with A x the vector potential in the x direction, r ÂÃ ¼B. Ideally, is adjusted such that the phase advance for a whole undulator cell consisting of undulator segment plus intersection is an integer times 2. This preserves the ponderomotive phase and guarantees maximum amplification of the optical field at the entrance of the next undulator cell. If the phase shifter is set incorrectly, a phase error Á is induced. The impact of a phase shifter error Á by changing the value of K D was investigated. For simplicity the absolute value of the error was kept constant over the system. If Á has the same sign for all cells of the undulator system, this is called unidirectional error. In contrast, for alternating errors the sign of Á alternates from one cell to the next.
Unidirectional phase shift errors continuously change the phase in one direction. This has the consequence that the radiation wavelength shifts. In this case the rms phase shake can be calculated by Á ¼ ð1=2 ffiffiffi 3 p ÞjÁj [16] . On the other hand, the optimized wavelength does not shift for alternating errors and its rms phase shake is given by Á ¼ jÁ=2j. This is ffiffiffi 3 p times larger than for unidirectional errors. Because the phase shake is related to power reduction, unidirectional errors are expected to give smaller power reduction than alternating error for a given value of Á. The corresponding simulation results will be shown in the sections below.
B. Phase shake of undulator related errors
In the ideal case, the undulator gap is constant, and therefore the undulator K parameter equals the design value and shows no variation. In reality, however, gap errors are unavoidable. For example, due to magnetic forces, the undulator girder deforms. For one specific gap, this error can be compensated using the pole-height adjustment method [17] . But for a different gap, the magnetic force, and thus girder deformation changes, resulting in field errors due to changing deformation. The XFEL undulators are designed with a fourfold support structure with support points separated by 1.2 m as required by Bessel's condition. This means that the deformation of the gap resulting from a uniformly acting magnetic force is decreased/increased in a symmetric fashion. The resulting deformation profile is approximately sinusoidal and periodic along the undulator system. This is shown in Fig. 1(a) . In a similar fashion, there might be a gap taper as shown in Fig. 1(b) as well. Periodic sawtooth profiles will later be used to estimate the influence of temperature variations.
Other, different periodic deformation profiles such as sinus, sawtooth, triangular, piecewise constant, and parabolic profiles were investigated. While for some of these profiles there are real applications, the others were primarily of academic interest. For small changes the gap error and the resulting K parameter variation are proportional. The right side of Fig. 1 shows the resulting variation of the K parameter for sinusoidal and linear sawtooth gap variation. These profiles were used in the simulations.
First we analyze the impact of periodic errors on phase shake. A more complete analysis with theoretical derivation can be found in Ref. [16] . The field error is assumed to be much smaller than the field itself, ÁK ( K 0 , where ÁK and K 0 denote the maximum error amplitude and the nominal value of the undulator parameter, respectively. The phase error Á' is
where k u ¼ 2= u , fðzÞ describes the error shape, 0 < jfðzÞj 1. fðzÞ is a periodic function with period length and
Since the error function is periodic, the integration can be restricted to one error period length. A SASE-FEL always radiates at a wavelength for which hÁ'i ¼ 0. Therefore the rms phase shake is given by
This equation is valid for all kinds of periodic errors. Different gap profiles are described by the coefficient . The strength is given by ÁK. Table II lists for different profiles.
The rms phase shake defined in Eq. (5) is proportional to the product of ÁK=K and . This is illustrated in Fig. 2 . Figure 2 (a) shows the K variation along the undulator. The product of ÁK=K and for the black and red curves are the same. The corresponding power gain curves are shown in Fig. 2(b) . They almost coincide resulting in almost identical power reduction even though ÁK=K of the red curve is 5 times that of the black curve. In contrast the product for the blue curve, which has the same ÁK=K as the black curve, is 2 times larger. The comparison with the other curves in Fig. 2(b) shows the reduced growth rate.
A simple physical explanation is given below: For nonsteering errors and small error periods on the order of a gain length, the perturbation of ponderomotive phase is proportional to the perturbation of the K parameter and the length over which it is applied, thus leading to the form of Eq. (5). On the other hand, the criterion ÁK=K < can be considered as an asymptote. In this case, saturation is reached before a significant deviation of ponderomotive phase can be obtained, and thus there is no power degradation. This is in qualitative agreement with Ref. [12] .
C. Compensation of linear temperature variation
Over the length of an undulator system even a small temperature gradient may accumulate to several degrees. Because of the reversible temperature coefficient of the NdFeB magnet material used in the undulator ( ¼ À10 À3 = C), a 1 C temperature increase corresponds to a reduction of the magnetic field in the undulator of 0.1% or vice versa. Such an error accumulated over the length of the undulator system would result in a large rms phase shake and corresponding power reduction. The gap of each undulator segment can be controlled separately. If the local temperature of the undulator is precisely known, a small gap correction can be applied to correct this field change.
The gap is corrected if a temperature variation larger than a threshold value is detected. This threshold value should correspond to the accuracy of the temperature measurement with typical values from 0.05 to 0:2 C. Thus, after making this compensation, the resulting field variation corresponds to a periodic sawtooth error. The red curve in Fig. 3 shows the ÁK=K error resulting from a 1 C linear temperature decrease along the undulator system. If, as shown, the gap is corrected in seven steps, a periodic sawtooth profile results. For demonstration, using Eq. (5) and the results of Table II, the rms phase shake can be calculated. A value of about 3 is obtained. For phase shake this is already a small value having very little effect on FEL performance, as will be verified in the next section. However, it could be made even smaller by using more steps. If each undulator segment is adjusted, 33 steps (sawteeth) are possible if there is accurate temperature information available.
III. NUMERICAL SIMULATION
Extended simulations using GENESIS 1.3 [18] have been made. One reason for these simulations was to numerically study the influence of periodic errors on power degradation. A second reason was to confirm and reevaluate the error budget for the XFEL. FEL power was calculated at a fixed length, which is still in the exponential gain regime but already close to the saturation point. For further analysis, the power of an error configuration is normalized to the power obtained for an ideal undulator.
A. Power reduction due to phase shake
Unidirectional and alternating phase shift errors were studied in a similar fashion as mentioned in the last section. The results for SASE1 are shown in Fig. 4 . At a given value for the phase shifter error, alternating errors show stronger power degradation than unidirectional error. This is consistent with the analysis in Sec. II A. It is also seen in Fig. 4 that, as long as the phase error is less than 10 , the power degradation is below 10% for both types. This is considered acceptable. What cannot be explained by the analysis in Sec. II A is the difference between a positive and negative phase error in case of the unidirectional phase shift. The different power reduction between the two is caused by a small difference in the wavelength (see Ref. [16] ). A positive phase shift gives rise to lasing at a slightly longer wavelength which in turn leads to a larger power extraction from the electron beam close to saturation.
As described by Eq. (5), the rms phase shake is proportional to the product of undulator error amplitude ÁK and period . Since the power reduction corresponds to the rms phase shake, the same power reduction can be expected for different combinations of ÁK and , as long as their product is constant. For verification, numerical simulations with GENESIS 1.3 have been performed. The results obtained are shown in Fig. 5 , which illustrates curves of constant power reduction from 10% to 40%, using sinustype errors. The curves are best fits to the function ÁK=K ¼ a b . It can be seen that for all curves b % À1, thus verifying the assumption. Moreover, there are four support points with a distance of 1.2 m on a 5-m-long SASE1 undulator segment. Figure 5 shows that for this error period, the error in ÁK=K can be as large as 0.366% for a power reduction of 10%. This relaxes the requirement for girder deformation significantly as compared to previous work [1] .
The correlation between rms phase shake and power reduction is shown in Fig. 6(a) . Periodic sinus, sawtooth, triangle, and stepwise constant errors are shown. The phase shifter errors shown in Fig. 4 are included as well. Within only small scatter they all lie on one universal curve as can be seen in Fig. 6 . It is evident that there is a very strong correlation between rms phase shake and power degradation. Unidirectional phase shift errors play a special role because they shift the resonance wavelength. Therefore their power degradation is less.
In reality there are random taper errors, which, for example, might be induced by limited motion control accuracy. These are clearly long-range random errors, which affect an undulator segment. In order to study their influence a sawtooth error was chosen. Its amplitude for ÁK=K was varied in a random fashion from 0.15% up to 0.45%.
In Fig. 6(b) , 900 simulations for different taper configurations are shown. The periodic sawtooth results are included for comparison. In both cases the power decreases as the rms phase shake increases. The random error result shows a much larger scatter. On average, the power degradation seems to be approximately the same.
B. Periodic and random errors
In reality, different error types are combined. For a given gap, the girder deformation for all undulator segments is identical and is strictly periodic. The gap taper, however, contributes a random component. Therefore, both errors were combined in the following simulation. In order to make a conservative assumption, the maximum periodic girder deformation is set to 10 m and the maximum taper error is set to 1 m. The gap taper was varied randomly over the undulator system. Figure 7(a) shows the normalized power as a function of the rms phase shake. As random errors are included, there is quite some scatter in the results. One sees that there are configurations where the maximum observed power reduction is up to % 18% but there are also some with power gain up to 8%. In a similar fashion, the rms phase shake extends from 0.06 to 0.18 rad over a range of 0.12 rad or about 7 degrees. Because of their random character, these results need now to be considered statistically. Figure 7(b) shows the density plot of the normalized power averaged over all phase shakes. The center is shifted down by 3%. The statistical analysis shows that, for the parameters given, more than 95% of the investigated cases suffer from a power loss such that the normalized power is above 0.88. The statistical probability for larger losses is small, only 2.5%. This is considered a sufficiently safe design.
Note that in Figs. 6 and 7 the normalized power sometimes exceeds unity, indicating that it is higher than in the   FIG. 7. (Color) The power degradation due to combined periodic sinus and random sawtooth error calculated for 600 different configurations shown versus phase shake (a) and as probability distribution (b). The density plot (b) has been fitted assuming a Gaussian distribution. The center is shifted down by 3%. The 95% confidence level of AE2 standard deviations starts at 0.88. The statistical probability for higher losses is only 2.5% and considered acceptable. case without errors. The reason is that, for some random distributions, the K value at the point where the results were evaluated is smaller and the error acts as a taper. In a number of cases, this has been verified by checking and comparing the details of these simulations.
C. Compensation of a temperature gradient
As already mentioned in Sec. II C and illustrated in Fig. 3 , a temperature gradient, i.e., a linear increase or decrease of temperature along the undulator system can be compensated by a local gap correction. Figure 8 shows the impact on power reduction as calculated using GENESIS 1.3. The normalized power is shown as a function of the total ÁK=K change over the undulator system. For the uncompensated case (black curve), a start-to-end ÁK=K of 0.1% corresponds to 1 C and leads to a power reduction by more than 50% (first data point). For ÁK=K larger than 0.2% there is almost no radiated power. If the gap compensation is turned on (red curve), practically all losses can be recovered. Using this temperature compensation scheme, even a 5 C temperature variation can be compensated. However, it should be noted that a precise local temperature measurement at each undulator segment is needed for the correction in order to have accurate gap compensation.
IV. CONCLUSION
A thorough study of tolerances for the SASE1 undulator system for the European XFEL was made. Different types of errors encountered in a realistic undulator system were investigated. These included girder deformation changes due to changing magnetic load, gap taper due to limited accuracy of the motion control system, phase shifter errors, and the effect of temperature variation on the magnetic material. The ponderomotive phase shake was calculated and compared with FEL power degradation results using GENESIS 1.3. For XFEL parameters, we verified numerically that there is a close correlation between the rms phase shake and FEL power degradation, which is independent of a specific error distribution. If these errors are periodic, the correlation is very close, while for randomly distributed errors there is more scatter in the results, but on average there is agreement as well. For the parameters used for the European XFEL, the power degradation induced by a specific periodic error model can thus be estimated quickly without using FEL codes. This method was applied to reevaluate hardware-relevant aspects of the error budget for the SASE1 undulator system for the European XFEL. The results show that some cost-driving specifications can be relaxed to some extent as compared to earlier studies. In order to stay within a power loss not more than % 15% girder deformation should be limited to 10 m. Girder position should be controlled to 1 m, and the phase adjustment to better than 10 . Applying the methods of this paper, an elegant way was found to replace the stringent temperature requirements over the whole undulator system by a requirement to limit the temperature gradient over one undulator segment and use of local gap corrections. These results will have a large impact on the design of the XFEL undulator systems.
